SECTION 1.1: VECTORS AND MATRICES; n-SPACE

Definition 1.1.2. An ordered n-tuple is a sequence of n real numbers (vi,va,...,vy).
This is also called a vector. R"™ denotes the set of all ordered n-tuples and is called
n-space.

Theorem 1.1.5. Foru,v,w € R" and k,l € R:
(a) u+v=v+u

(b) (u+v)+w=u+(v+w)
(c) u+0=u=0+u
(d) ut(-u) =0
() (k+Du=Fku+lu
(f) k(u+v)=ku+kv
(9) k(lu) = (kl)u
(h) lu=u
SECTION 1.2: DOT PRODUCT AND ORTHOGONALITY
Definition 1.2.1. If v = (v1,v,...,v,) is a vector in R", then the length of v, also called
the norm of v or the magnitude of v, is
loll := /o2 + 0+ + 02, (3)
Definition 1.2.5. For u,v € R", the dot product is the scalar
u-vi=uv + -+ uptp. (12)
Note.
_ _ 2
Vv =001 + -+ o0, = ||V (13)
SO

vl =vv-v. (14)
Theorem 1.2.8. If u and v are nonzero vectors in R? or R3, then
u-v = |ul|||v| cosé, (157)
where 0 is the angle between them (0 < 0 < ).
Theorem 1.2.12 (Cauchy-Schwarz inequality). For u,v € R",
[u-v| <l fv]. (22)
Definition. The angle 6 between nonzero vectors u,v € R" is defined to be
u-v
oi=cos” (g "
In particular, u and v are said to be orthogonal (or perpendicular) if u-v = 0 (so
0 =m/2=190°).

Definition 1.2.10. Vectors u and v in R™ are orthonormal is they are orthogonal and
have length 1. A set of vectors is orthonormal is each vector in the set has length 1 and
each pair of vectors is orthogonal.



2
Basic Properties of dot product.

Recall: u-v:=wujvy + -+ + upvp,.
Theorem 1.2.6. For u,v € R" and k € R:
(a) u-v=v-u
(b) u-(v+w)=u-v+u-w (and the reverse)
(¢) (ku)-v=Fk(u-v)=u-(kv)
(d) v.-v>0
(e) v-v=0if and only if v=0.
Theorem 1.2.7.
(a) 0-v=0=v-0
(c)u-(v—w)=u-v—u-w (and the reverse)
Theorem 1.2.11 (Pythagorean theorem). If u,v € R" are orthogonal, then
la+v|* = [Jul* + [lv]*. (18)
Theorem 1.2.13 (triangle inequality). For any u,v € R",
la+ v < ffaf + [lv]. (26)

SECTION 1.3: VECTOR EQUATIONS OF LINES AND PLANES

The general equation of a line in R? is
Axz+ By =C (A and B not both zero). (1)

For xg,v € R? or R3, the vector equation of the line through x and parallel to v is
X = Xg + tv, (4)

where —oo < t < ¢ is the parameter.
If x = (z,y,2), X0 = (%0, Y0, 20) and v = (a, b, c), the parametric equations are

r=x9+at, y=1yo+0bt, 2z==z9+ct. (7)
(Similar in R2.)
The point-normal equation of the plane in R? normal to n = (A4, B,C) and through
X0 = (0, Yo, 20) is

A(r — o) + B(y —yo) + C(z — 20) =0 (16)
which when expanded becomes the general equation
Az + By+ Cz = D. (17)

The vector equation of the plane in R3 parallel to vq and vo and through xq = (20, ¥o, 20)
is
x = X0+ t1vy + tavy, (20)

where —oo < t] < 00, —00 < tg < 00 are the parameters.
If x = (2,9, 2), X0 = (20, %0, 20), V1 = (a1,b1,¢c1), va = (az, bz, c2), the parametric equa-
tions of this plane are

T =x0 + a1ty + aslsy

Y =Yo + bit1 + bala (22)

z =zg + c1t1 + coto



