SECTION 2.1: INTRODUCTION TO SYSTEMS OF LINEAR EQUATIONS

9 4 9 u

No solutions No solutions No solutions Infinitely many solutions
(three parallel planes; (two parallel planes; (no common intersection) | | (planes are all coincident;
no common intersection) no common intersection) intersection is a plane)

Infinitely many solutions One solution No solutions Infinitely many solutions
(intersection is a line) (intersection is a point) (two coincident planes (two coincident planes;
parallel to the third; intersection is a line)

no common intersection)

Elementary row operations.
1. Multiply a row through by a nonzero constant.
2. Interchange two rows.

3. Add a multiple of one row to another.

SECTION 2.2: SOLVING LINEAR SYSTEMS BY ROW REDUCTION

Row echelon form and reduced row echelon form.
1. If a row does not consist entirely of zeroes, then the first non-zero number in the row is
a 1. We call this a leading 1.

2. If there are any rows that consist entirely of zeroes, then they are grouped together at
the bottom of the matrix.

3. In any two successive rows that do not consist entirely of zeroes, the leading 1 in the
lower row occurs further to the right than the leading 1 in the higher row.

4. (Reduced REF only) Each column that contains a leading 1 has zeroes everywhere else.

Gaussian and Gauss—Jordan eliminiation.
Step 1 Locate the leftmost column that does not consist entirely of zeroes.

Step 2 Interchange the top row with another row, if necessary, to bring a non-zero entry
to the top of the column found in Step 1.

Step 3 Let a be the entry that is now at the top of the column found in Step 1. Multiply
the first row by 1/a in order to introduce a leading 1.

Step 4 Add suitable multiples of the top row to the rows below so that all entries below
the leading 1 become zeroes.

Step 5 Now cover the top row in the matrix and begin with Step 1 applied to the submatrix
that remains. Continue in that way until the entire matrix is in row echelon form.

Step 6 (Gauss—Jordan only) Beginning with the last non-zero row and working upward,
add suitable multiples of each row to the rows above to introduce zeroes above the
leading 1’s.



SECTION 3.2: INVERSES; ALGEBRAIC PROPERTIES OF MATRICES

Theorem 3.2.1. For a, b € R and matrices A, B, C' we have the following identities
whenever the expressions are defined:

(a) A+ B=B+ A
(b)) A+(B+C)=(A+B)+C
(¢) (ab)A = a(bA)
(d)+(e) (a+b)A=aA+bA
(f)+(g) a(A+ B) =aA+aB

Theorem 3.2.2. Fora € R and matrices A, B, C we have the following identities whenever
the expressions are defined:

(a) A(BC) = (AB)C
(b)+(d) A(B+C)=AB+ AC
(c)+(e) (B£C)A=BA+CA
(f) a(BC) = (aB)C = B(aC)
Theorem 3.2.3. For ¢ € R, a matrix A and a zero matrixz 0 of appropriate size, we have:
(a)+(b) AL 0=0+A=A
(c) A—A=A+(-A)=0
(d) 0A=0
(e) If ;A= 0, thenc=0 or A= 0.
Theorem 3.2.10. For matrices A and B of the appropriate sizes:
(a) (AN)T =4
(b)+(c) (A+B)T = AT + BT
(d) (kAT = kAT
(e) (AB)T = BT AT
Theorem 3.2.12. If A and B are square matrices of the same size, then:
(a) tr(AT) = tr(A)
(b) tr(cA) = ctr(A)
(c)+(d) tr(A+ B) = tr(A) £ tr(B)
(e) tr(AB) = tr(BA)

SECTION 3.3: ELEMENTARY MATRICES; A METHOD FOR FINDING A~!

Theorem 3.3.9 (Unifying Theorem). If A is an n X n matriz, then the following state-
ments are equivalent.

(

(b)

(c)

(d) Ax = 0 has only the trivial solution.

(e) Ax = b is consistent for every vector b in R™.
(f)

Ax = b has exactly one solution for every vector b in R"™.



