SECTION 7.11: COORDINATES WITH RESPECT TO A BASIS

Definition 7.11.1. Let B = {vy,...,vi} be an ordered basis for a subspace W of R™ and

let w be in W. If w = a1vy + -+ + agVvg, then aq, ..., ap are called the coordinates
of w with respect to B, (w)p = (ai,...,a;) is called the coordinate vector for w
with respect to B, and
ai
[WlB =
agk

is called the coordinate matrix for w with respect to B.

Theorem 7.11.2. Let B be an orthonormal basis for a k-dimensional subspace W of R",

and let w and v be vectors in W with coordinate vectors (u)p = (u1,...,ux) and (V) =
(Ul, ey ’Uk). Then

(a) [lufl = y/ui + - +uf,

(b) u-v=1ujvy + -+ UV = (u)B-(V)B.

Theorem 7.11.3 (Change of basis). Let B = {vi,...,vi} and B = {v},...,v}} be
bases for R™. The coordinate matrices of w € R™ with respect to the two bases are related
by the equation
(W]p' = Pp_,p/[W]s,
where
Pp_p =il - [Vl ]
is the transition matrix (or change of coordinates matriz) from B to B’.

Theorem 7.11.4. Let B and B’ be bases for R™. The transition matrices Pg_p and
Ppi_. g are invertible and inverses of one another, that is,
Pp,p = (Ppp) "

Theorem 7.11.5. Let B be a basis for R"™. The coordinate map x — (x)p (or x — [X|B)
is a 1-1 and onto linear operator on R™. Moreover, if B is an orthonormal basis, then the
coordinate map is an orthogonal operator.

Theorem 7.11.7. Let B and B’ be orthonormal bases for R™. Then the transition matrices
Pp_,p and Pg/_pg are orthogonal.

Theorem 7.11.8. Let P = [p1 ... pn| be an invertible n x n matriz. Then P is the
transition matriz from the basis B = {p1,...,pn} to the standard basis S = {ey,...,e,}
for R™.



