Appendix A
Exercises A
1.1,2,3,4 3.{1,2},{3,4}
5. none 7.—2,—1,0,1,2,3
9.1,2 11. none
13. -3,—-2,-1,0,1,2,3,4,6
15.{1,3,5,7, ...} © 17.{..,—5-1,3,7,...}
19.{neZ:nj=3} 21.{3n—2:neN}
23. {5n:neZ} 25.A=B=CD=E
27.AN B=1{2,4},AUB={1,2,3,4,5,6,8}
29.ANB=Y,AUB=1{1,23,5,7,10, 15,17, 26, 31}
25 8
31. > 2k 33. > 1/24!
k=1 k=1
11 n+1
35. > (3k +2) 37 2 k!
k=1 , , =1
39.2121—]\ §|\+|i—1|+|i—2\)

41.

43.

=0+1+2)+

21—1\
=(0+1+2)

If nis even, then n = 2k for some integer k. Then
3n — 5 =3(2k) — 5 =23k — 3) + 1, which is odd.

(1+0+1)+(2+1+0) =8,

2
2 (=i + 11—+ 12—

j=0

HMN

1+0+1)+(2+1+0)=38

If nis even, then n = 2k for some integer k and so
n —n= (2k)’ — 2k = 2(4k’ — k), which is even.
If nis odd, then n = 2k + 1 for some integer k and so

‘ o~

w—n= 02k + 1) — 2k + 1) =8k + 12k + 4k
= 2(4k> + 6k* + 2k), which is even.

45. (By contrapositive) If n is not odd, then # is even.
Thus, n = 2k for some integer kand so 3n + 1 =
3(2k) + 1 = 2(3k) + 1, which is odd. Hence 3n + 1
is not even.

47. (By contradiction) Suppose that m + nis odd butitis
not the case that one of #1 or nis even and the other is
odd. Then either m and n are both even or they are both
odd. In either case, m + n1is even, a contradiction. Con-
clude that one of m or nis even and the other is odd.

49. [ = ] (By contrapositive) Assume that it is not the case
that both m and n are even. If m and n are both odd,
then mn is odd; if only one of m or n is even, then
m + nis odd. In either case, it is not the case that mn
and m + nare both even.

[ <= ] Assume that both 1 and n are even. Then clearly
mnand m + nare both even.

51. If \/2 is rational, then it can be written in the form
V2 = a/b, where aand bare integers with no common
factors. Then 2 = a*/b% s0 @> = 2b* and, hence, a* is
even. Hence, ais even (by Exercise 49 with m = n = a)
and so a = 2k for some integer k. But then 4> = 217,
so b* = 2k and, hence b* is even. Hence, b is even and
aand b have a common factor of 2, a contradiction.
Conclude that \/2 must be irrational.

Appendix B

Exercises B

1. For n = 1, we have 1 = 2-1% — 1. Assume that
1+54+9+ -+ + (4k — 3) = 2k — k. Then



11.

13.

15.

.Forn = 1,wehave 1> = 1 = 1(1
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1+54+ - +@4k+1)—=3)=1+5+ -
+ (4k —3) + (4k + 1) =2k* — k + 4k + 1
=20k +2k+1)— (k+1)=2k+ 1)
—(k + 1).

_|_
Assume that 17 + 2% + 3* + -+ +
(2k +1)/6.Then 1> + 2> + - +
=k(k +1)2k +1)/6 + (kK + 1)* = (k(
(2k + 1) + 6(k + 1)*)/6 = (k + 1)(k(2k +
+ 6(k+ 1))/6 = (k+ 1)K + 7k + 6)/6
(k+1)(k+2)2(k+ 1)+ 1)/6.

.Forn=0,wehavel = 2°"'—1. Assume that 1 + 2 +

4+8+ - +28=2""""1.Thenl + 2 +
4 4+ --- +2k+2k+1 :(2k+l _ 1) +2k+1 —
2.2k+1_1:2k+2_ 1.

.Forn=1,wehavel-1!l=1=2-1=(1+1) — 1
+keK=(k+1)-1

Assumethat 11! + 22! + ---
Then1-1! + 220+ -+ + k-kl + (k+ 1)(k + 1)!
=((k+ 1) =1)+(k+ 1)(k+ 1) =(k+ 1)
I+k+1)—-1=(k+1D(k+2)—-1=
(k+2) -1

.Forn =0,0> + 0 = 0is even. Assume that k¥ + k

is even, so that K + k = 2m for some integer m.
Then(k + 1)+ (k+1)=k*+2k+1+k+1
=K +k)+2k+2=2m+2k+1)=

2(m + k + 1), which is even.

For n = 0,5°—1 = 1—1 = 0, which is divisible by 4.
Assume that 55—1 is divisible by 4, so that 5k—1 = 4m
for some integer m. Then 5**!—1 = 5K 1—5k 4+ 56—
= (5—1)5" + (5*—1) = 4-5* + 4m = 4(5* + m),
which is divisible by 4.

For n = 5, we have 2° = 32 > 25 = 5% Assume

that 2F > i2. Then 2¥"! = 2.2%F > 2/ But, since
k= 5,k(k—2) = 1s0 k¥ = 2k + 1 and hence

20 = I2 4+ 2k + 1 = (k + 1)% It follows that
2> (k4 1)%

For n = 1,wehave I = 2 — 1. Assume that 1 +
+5+ - +p=2—1Thenl +;+ - + 4

(k+1)*=k
+<k+11>252—i+<k+11)2:2—(k<z<+1)’>-

Now (k + 1)~k =K +k+1=kK +k
= k(k + 1).

k1)~ k k
Therefore,(k&?l)z = k((kill))z = (kll).lt follows that
L+i+ o + @y =2 @

17.

19.

21.

23.

25.
27.

29.

For n = 0, we have (ab)’ = 1 = 1-1 = a°". Assume
that (ab)* = a*b*. Then (ab)**! = (ab)*(ab)

= d"bFab = d*ab*b = a*T'HF T,

For n = 1, we have x' —1 = x—1, which is certainly
divisible by x—1. Assume that x*—1 is divisible byx—1,
so that ¥*—1 = (x—1)f(x), for some polynomial f(x).
Then ¥ 1—1 = "1 —xF + =1 = (x—1)x*

+ (x—=1)f(x) = (x—1)(x* + f(x)), which is
divisible by x—1.

For n = 0, we have a set with no elements: the empty
set . The only subset of & is J itself, so & has 1 = 2°
subsets. Assume that any set with k elements has 2
subsets. Now let Sbe a set with 2¢"! elements, say
S={x, Xp .-+ Xpo Xy 1}. If A C S, then either x,, , € A
orxe, & A lfx,, € A then A = {x,}UA’, where
A’ is a subset of {x;, x,, ... , x;}; by the induction
hypothesis, there are 2k such subsets. If X1 € A, then
Alis a subset of {x;, x,, ... , x}; by the induction
hypothesis, there are 2k such subsets. It follows that the
total number of subsets of Sis 2+ 2¥"! = 2K%2 a5 was
required to be proved.

Hint: The basis step is for n = 3, in which case we

have a triangle and the sum of its interior angles is

180° = (3—2)180°. Assuming that a convex k-gon has
an interior angle sum of (k—2)180°, consider a convex
(k + 1)-gon P.Subdivide Pinto a triangle and a k-gon.
n/(n + 1).

For n = 1,we have 1 = 2°- 1. Assume that, for all
integers n such that 1 = n = k, n can be factored

as n = 2'm for some integer i = 0 and some odd
integer m. Consider k + 1.1f k + 1 is odd, then

k + 1 = 2%k + 1) is the required factorization. If

k + 1iseven,then k + 1 = 2a for some integer a.
Sincel = k,k+ 1 =2kandsoa= (k +1)/2 = k.
By the induction hypothesis, a = 2'm for some integer
i = 0 and some odd integer m. Then k + 1 = 2a

= 2" 'm is the desired factorization.

Forn = 8, wehave 8 = 3-1 + 5-1. Assume that, for
all integers # such that 8 =< n =< k, n can be written as
n = 3a + 5b for some nonnegative integers a and b.
Consider k + 1.Since9 = 3+3 + 5-0and 10 = 30
+ 5+2, we may assume that k + 1 = 11. Hence
8=(k+1)-3=k—-2=kandsok—2 = 3a+ 5b
for some nonnegative integers a and b, by the
induction hypothesis. Then k + 1 = (k—2) + 3

= (3a + 5b) + 3 = 3(a + 1) + 5b, as required.



31.For n = 0,we have fy, = 0 = 1—1 = f,—1. Assume

33.

35.

37.

39.

k+1

that Ef fr+2—1. Then Ef

_fk+2 1L+ firr = (fira +fk+2)
:fk+1)+2_ L.

() + he

1=fiis—1

Forn— 0,we have f§ = 0> =0=0-1 = f,f,. Assume

k+1
that Efz fifes1- Then Efz = (Ef2) + fk+1
fkfk+1 + ff = Jerifir o

fk+1(fk+fk+1)
For n = 0,wehave f,_fy + f.fi = fue1°0 + f,,0 1
:fm

= f+o- Assume that f,,_f, + fi.fur1 = fusn
forall0 = n < k. Then f,,_ fix1 + fufiss =

fu-1le=1 1) + ful e + fis1) = Fu-ifior + Jufe)
+ (fm*lﬁ( + fmﬁ(+1) fm+k 1 + fm+k fm+k+1

For n = 1,a2 X 2 board with a square removed is just
a single L-tile. Assume that a 2% X 2* with a square re-
moved can be tiled with L-tiles. Consider a 2F*! x 2k*!
board with a square removed. Subdivide the board into
four 2F X 2* quadrants. One of the quadrants contains
the missing square, so it can be tiled with L-tiles, by the
induction hypothesis. Now place a single L-tile at the
center of the board so that it covers one square in each
of the remaining three quadrants. By the induction hy-
pothesis, the remaining squares in each quadrant can be
tiled with L-tiles, and we are done.

ok+1

| | 1 I

2k .:

m v

2k+1 -

2k

For n = 1, clearly a single disk can be transferred to a
different pegin 1 = 2'—1 move. Assume that a tower of
k disks can be transferred to a different peg in 2*—1
moves. Consider a tower of k + 1 disks on peg A, say. In
order to move it to peg B, we need to move the largest
disk to peg B. To do this, we first must transfer the top k
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disks to peg C; this takes 2k—1 moves, by the induction
hypothesis. Now move the largest disk to peg B (1 move)
and then transfer the tower of k disks from peg C to peg
B (2¥—1 moves). The total number of moves is thus

202K = 1) + 1 = 2" — 1, as required.

41. The basis step is not true.
Appendix C
Exercises C

1.8—4i 3.13 + 114

5.7—4i 7 273

9. L—1; 1. —i

13. 10: 15.5 17.3
19. 2V2(cos(—m/4) + isin(—/4))

21.
23.

25.

27.

31.

2(cos(m/6) + isin(w/6))

zw = 2V2(cos(117/12) + isin(117/12)), z/w =
(2/V2) (cos(7m/12) + isin(77/12)), 1)z = (V2/2)
(cos(3m/4) — isin(37/4))

zw = 8V2(cos(3m/4) + isin(37/4)), z/w =
2/V2 (cos(m/4) + isin(m/4)), 1/z = (V2/8)
(cos(m/4) — isin(m/4))

16 29. 16—16V3i
+1, 44, +£(V2/2) £ (V2/2)i

N[)
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33.+£V3/2+i/2, —i

Im
A
\““?T 1. [a
——t = V3
R |
2 2 2 +
> Re
=i
35. —i 37.¢e

39.(a) a+ bi=a—bi=a+ bi

(c) (a + bi)(c + di) = (ac—bd) + (ad + bc)i
= (ac—bd)—(ad + bc)i = (a — bi)(c — di)
= (a + bi) (c + di)

(e) Letz= a + bi.If zisreal, then b = 0 and
hence z = a = a = z Conversely, if z = z, then
a + bi = a—bi. Thus,2bi = 0and so b = 0.
Hence z = a s real.

41. (a) From cos26 + isin20 = (cosf + isinf)* =
(cos?0 — sin’6) + i(2cosfsinf) we see that
c0s20 = cos’6 — sin’6 and sin260 = 2cosfsind.

(c) From cos46 + isin46 = (cosf + isinf)*
= (cos*@ — 6sin*Hcos’H + sin*H)+i(4cos’@sin6
— 4cosBsin’0), we see that cos 40 = cos’d) —
6sin’0cos’0 + sin*d and sin40 = 4cos’@sinf —

4cos0sin’f.

Appendix D

Exercises D
1. polynomial 3. polynomial
5. polynomial for x # 0 7. not a polynomial
9. not a polynomial 11. not a polynomial
13. polynomial
15. f(x) + g(x) =3x* + x — 1,f(x) — g(x) = —3x*
+x = 3,f(x)g(x) =3x —6x* + x — 2

17. f(x) + g(x) = x* + x* + 2x, f(x) — g(x) = —x°
— = 2, flx)g(x) = x* — 1

19. f(x) + g(x) =x*+ (1 + V2)x* — V2x + 2,
f(x) = g(x) = x* + (V2 = 1)x* + V2x, f(x)g(x)
=x°=V2x" + (1 + V2)x* — 2x° + (1 + V2)x?
- V2x + 1

2. x7 = (x + 1)(x—1) + 1

23.2x° — x> = (x —2)(2x* + 3x + 6) + 12

25.x" + X =3 —2x+2=(x+x—1)(x*—2)

27.2/5,2

31. —1/24 V/5/2

35.—1,2,4+ i

37. There is one sign change, so p has at most one positive
zero. But p(0) = —1and p(1) = 1,s0 thereisa
zero in the interval (0, 1). Therefore p has exactly one
positive zero.

29. no rational roots
33.—1,£V2

38. There are no sign changes, so p has no positive zeros.
Since p(—x) = —2x> + 3x” + 4 has one sign change,
p has at most one negative zero. We find that p(—2) = 0
and so, since p(0) # 0, p has exactly one real zero. Since
p has degree 3, p has three zeros altogether. Hence, p has
exactly two complex (nonreal) zeros.

41. There is one sign change so p has at most one positive
zero. Since p(0) = —1and p(1) = 2, there is a zero in
the interval (0, 1). Since p(—x) = x* + 5x* + 3x—1
also has one sign change, p has at most one negative
zero. From p(—1) = 8 and p(0) = —1, we see
that there is a zero in the interval (—1,0). Since
p(0) # 0, p has exactly two real zeros and so, because p
has degree 4, it must have two complex (nonreal)
zeros as well.

43.If p(x) = ay + a;x + -
p(x)=a,+a,_x+ -

n—1 n
+ a,_ X" + a,x", then
+ ax" '+ ax".

45. First note that x ' makes sense since x = 0 is not a
solution of p(x) = 0, by Exercise 44(a). Since p is
palindromic of degree 2n, we have p(x) = a,x™" +
ax* '+ - +ax"+ - + ax + a, s0, multi-
plying by x™ ", p(x) = 0 can be rewritten as gyx" +
axX "t s+ a,+ o Fax D+ g =0,
or ay(x" +x ) +a(x" T+ x )+ - +a,=0.
It is now enough to prove that x” + x " is a poly-
nomial of degree nin t = x + x ' forall n = 1. For
n = 1,itis clear. Assume that X" + x™ " is a polynomial
of degree nin t,forall 1 = n < k. Then & + x ¥ = f{t),
where fhas degree k,and X! + x *~V = g(¢),
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where ghas degree k— 1. Therefore, x*1 + x **1 = = cos(27/5) — isin(27m/5), we obtaina + o' =
(x + x H* + x7F) = (kT xE) =

2cos(2m/5).
;{ff:)l—g(t), which is a polynomial in ¢ of degree (© (V5 —1)/4

47. (a) Froma = &7 = cos(2w/5) + isin(2m/5)
anda™! = ¢ 2™ = cos(—2m/5) + isin(—2m/5)





