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Math 1600 Lecture 11, Section 2, 29 Sep 2014

Announcements:

Read Section 2.4 for next class, but just the parts on network flow and
electrical networks. We aren't covering the rest. Work through
recommended homework questions.

Quiz 3 is this week, and will cover the material until the end of Section 2.3.
Office hour: today, 3:00-3:30, MC103B.

Help Centers: Monday-Friday 2:30-6:30 in MC 106.

Partial review of Lecture 10:

Linear combinations

Definition: A vector ¥ is a linear combination of vectors ¥y, ¥s, ..., U if
there exist scalars ¢y, ¢o, . .., ci (called coefficients) such that

c1U1 + -+ + U = V.

4 4 2
Example: Is | 8 | alinear combinationof | 5| and | 1|7
6 6 3

That is, can we find scalars  and y such that

4 2 4
z|5|+yl|l1]= |8]7
§ 3 6

Expanding this into components, this becomes a linear system



4z + 2y =4 [ 4 4 ]
5r+ y=8 with augmented matrix 5 1|8
6x +3y==6 | 6 6

and we already know how to determine whether this system is consistent:
use row reduction!

Theorem 2.4: A system with augmented matrix [A | b] is consistent if and
only if b is a linear combination of the columns of A.

This gives a different geometrical way to understand the solutions to a
system.

Spanning Sets of Vectors

Definition: If S = {¥;,..., U} is a set of vectors in R", then the set of all
linear combinations of v1, . .., Uy is called the span of U1, ..., U and is
denoted span(¥y, . .., Ux) or span(sS).

If span(S) = R"”, then S is called a spanning set for R".

Example: span(€éy, €s,...,€,) = R".
1 4

Example: Thespanofu = |2 | and¥ = | 5| consists of every vector
3 6

T that can be written as
T = su -+ tv

for some scalars s and t. Since ¢ and U are not parallel, this is the plane
through the origin in R3 with direction vectors % and 9.
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x 1
Example: The line { | 2z | | z € R} is spanned by | 2
3z 3

Question: What vector is always in

span(ﬁl,z_}g, . ,ﬁk)?

[\§)

Example: The line { [w] |y=x/2+ 1} isnotthe  _
Y

span of any set of vectors.

1 1] 2
Example: We saw that span( [2] ) and span( [2 | 4 ) are both equal
T
to the line through the origin with direction vector 5" since

4l=2le)

New material: Section 2.3: Spanning Sets and Linear
Independence

Linear Dependence and Independence

Suppose that we have vectors 4, ¥ and w in R" such that

% + 3% — 2@ = 0. This can be solved for any of the vectors in terms of the
others, e.g. 4 = —39 + 2w. This means that span(u, 9, w) = span (¥, W).
For example,

ati + bo + ¢ = a(—30 + 2@) + b3 + ¢
= (—3a +b)v + (2a + )W

So it is redundant to include 4. We'd like to be able to determine when our
spanning sets have too many vectors.

Definition: A set of vectors U1, ..., U is linearly dependent if there are
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scalars ¢y, . . ., Ck, at least one of which is nonzero, such that

c1U1 + - -+ + ¢V, = 0.

Since at least one of the scalars is non-zero, the corresponding vector can
be expressed as a linear combination of the others.

—2 —1 5 0 —2
Example: — 2 + 0 = , SO the vectors ,
4 2 § 0 4
—1
and 6 are linearly dependent.

Note that either of the first two can be expressed as a linear combination of
the other, but the third one is not a linear combination of the first two.

s 0 . 1
Example: Are the vectors €1 = [1] and €9 = [O] linearly dependent?

Solution: If c€; + d €y = 0 and c # 0, then é; = — % €9, Which is not
possible. Similarly, if d # 0, then €5 is a multiple of €1. So the only way to
havecé; +déy = 0iswithe=d = 0.

Theorem 2.5: The vectors 91, ..., U are linearly dependent if and only if
at least one of them can be expressed as a linear combination of the others.

Proof: We've seen one direction. For the other, if

Uy, = C1U1 + -+ + Cx_1Uk_1, thenc1¥; + -+ -+ C_1Vp_1 — U = 6, so the
vectors are linearly dependent. The same argument works if it is a different
vector that can be expressed in terms of the others.

— — 0
Example: Are the vectors €1, €2 and [O] linearly dependent?

Solution: They are linearly dependent, since

ofo) rola) 2 fo) = o]
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Fact: Any set of vectors containing the zero vector is linearly dependent.

Definition: A set of vectors 71, ..., U is linearly independent if it is not
linearly dependent.

Another way to say this is that the system
c1U1 + -+ ¢, = 0.

has only the trivial solution ¢; = - -+ = ¢ = 0. (The book calls this
Theorem 2.6.)

This is something we know how to figure out! Use row reduction!

—1 2 6
Example: Are the vectors 4 = 31,v= [|1]andw= | —4
2 1 —2
linearly independent?
That is, does the system
—1 2 6
c1 3| +c |1 +c3| -4 =0
2 1 —2
have only the trivial solution?
The augmented matrix is
1 2 6|0 -1 2 60 ]
31 —40 which row reduces to 0 1 2|0
| 21 2|0 0 0 0|0 |

So what's the answer? There are 3 variables and 2 leading variables (the
rank is 2), so there is one free variable, which means there are non-trivial
solutions. Therefore, the vectors are linearly dependent.



—1
Example: Are the vectors 4 = 3|l.v= 11
2 1
linearly independent?
That is, does the system
—1 2 6
C1 3| +ec |1l +c3| -4 = 6
2 1 3

have only the trivial solution?

The augmented matrix is

So what's the answer? There are 3 variables and 3 leading variables (the
rank is 3), so there are no free variables, which means there is only the

0
0
0

which row reduces to

o O =

O =N

trivial solution. Therefore, the vectors are linearly independent.

Example 2.24: Are the standard unit vectors €1, ..., €, in R" linearly

independent?

Solution: The augmented matrix is

1

0

0

0

1

o O o O O

6
2
1

with n rows and n variables. The rank is n, so there is only the trivial
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solution. So the standard unit vectors are linearly independent.

Note: You can sometimes see by inspection that some vectors are linearly
dependent, e.q. if one of them is the zero vector, or if one is a scalar
multiple of another. Here's one other situation:

Theorem 2.8: If m > n, then any set of m vectors in R" is linearly
dependent.

Proof: The system is a homogeneous system with m variables and n
equations. By Theorem 2.3, a homogeneous system with more variables
than equations always has a non-trivial solution.

3
4

work required, unless you want to know how they are dependent.

1 5
Example: The vectors [2] , [ ] , [6] must be linearly dependent. No

Above we put vectors into the columns of a matrix in order to determine
whether they are linearly dependent. There is an alternate approach,
putting the vectors into the rows.

Example like 2.25: Consider the same three vectors we used earlier, this
time written as row vectors: 4 = [—1,3,2], ¥ = [2,1,1] and

w = [6,—4, —2]. Let's row reduce the matrix that has these vectors as
rows, giving new names to the new rows:

L, = Ry + 2R,

-1 3 2] p_poep [T 3 2
2 1 1 s o 7 5
6 —4 —2 | 0 14 10

1 3 27

R! = R, — 2R/
R %1 0 7 5
0 0 O

We got a zero row at the end, so we find that
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0= Rj = R; — 2R,
= (Rs + 6R;) — 2(R2 + 2R;)
—2R; — 2Ry + R3 =2u— 20 +w

which shows that the original row vectors are linearly dependent. This works
in general:

Theorem 2.7: Let ¥, Vs, ..., U, be row vectors in R", and let A be the
m X m matrix whose rows are these vectors. Then vy, U9, . .., Uy, are
linearly dependent if and only if rank(A) < m.

Proof: Suppose that the rank of A is less than m. Then some sequence of
row operations will produce a zero row in A. As in the example above, this
means that you can write the zero vector as a linear combination of the
original rows. One can show that the coefficients won't all be zero, so it
follows that the vectors are linearly dependent.

On the other hand, if the vectors are linearly dependent, then one of them
can be written as a linear combination of the others. For example, suppose
Uy = C1U1 + €9V + -+ - + ¢,—1U;m—1. Then if you do the row operations
R, —cRy,....R,, — ¢y—1R,,—1, you will produce a zero row. So the
rank of A must be less than m. The same idea works if a different vector is
a linearly combination of the others. [

Normally the method of putting the vectors in the columns (Theorem 2.5) is
used, but for certain questions, the row method is important.

1 2
Question: Do the vectorst = |1 | andd = | 1 | span R*? If not, find
2 3

a vector not in their span.
Question: Are the same two vectors linearly independent?

Question: Suppose that the rows of an m X n matrix A are linearly
independent. What can you say about the rank of A?
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Question: Suppose that the columns of an m X m matrix A are linearly
independent. What can you say about the rank of A?

The intuition behind linear dependence:

Linear dependence captures the idea that there is redundancy in the set of
vectors: a smaller set will have the same span. Put another way, the vectors
will span something smaller than you expect:

Typically, two vectors will span a plane; but if one is a multiple of the other
one, then they will only span a line.

Typically, three vectors in R3 will span all of R3; but if one is a linear
combination of the others, then they will span a plane (or something
smaller).

Typically, one vector spans a line. But if it is the zero vector, its span
consists of only the origin.



